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Abstract. We explore connections between geometrical properties of null 
congruences and the algebraic structure of the Weyl tensor in n > 4 spacetime 
dimensions. First, we present the full set of Ricci identities on a suitable "null" 
frame, thus completing the extension of the Newman-Penrose formalism to higher 
dimensions. Then we specialize to geodetic null congruences and study specific 
consequences of the Sachs equations. These imply, for example, that Kundt 
spacetimes are of type II or more special (like for n = 4) and that for odd n 
a twisting geodetic WAND must also be shearing (in contrast to the case n = 4). 



PACS numbers: 04.50.+h, 04.20.-q, 04.20.Cv 

1. Introduction 

Thanks to the correspondence between geometrical properties of null geodesies and 
optical properties of the gravitational held, the study of ray optics (see, e.g., [1,2] 
and references therein) has played a major role in the construction and classification 
of exact solutions of Einstein's equations in n — 4 dimensions. In this context, a 
fundamental connection between geometric optics and the algebraic structure of the 
Weyl tensor is provided by the Goldberg-Sachs theorem [3,4], which states that a 
vacuum metric is algebraically special if and only if it contains a shearfree geodetic 
null congruence (cf. [1,2] for related results and generalizations). 

In recent years, possible extensions of the above concepts to arbitrary dimensions 
n > 4 have been investigated. The classification of the Weyl tensor has been presented 
in [5,6], and aspects of geometric optics have been studied in [7-10]. In particular, 
a partial extension of the Goldberg-Sachs theorem to n > 4 has been proven in [8] 
by considering various contractions of the Bianchi identities. One of the results was 
that the multiplcfj WAND (Weyl aligned null direction) of a type III or N vacuum 
spacetime is necessarily geodetic. Nevertheless, possible "violations" of the Goldberg- 
Sachs theorem in n > 4 have been also pointed out. For example, the principal 
null directions of n = 5 rotating black holes (which are of type D) are geodetic but 
shearing [7,8]. Furthermore, in n > 4 vacuum spacetimes of type III or N, a multiple 
principal null direction with expansion necessarily has also non-zero shear [8] . 

t, "Multiple" WANDs are those WANDs whose order of alignment [5, 6] with the Weyl tensor is 
greater than zero. 
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This contribution makes further progress in the study of optical properties of 
the gravitational field in higher dimensions. After summarizing our notation and 
presenting a few preliminary results (section [J) , we derive the full set of frame Ricci 
identities in n > 4 (section [3]). This is a natural complement to the frame Bianchi 
identities given in [8], and together with the expressions for commutators given in 
section 1.2 of [11] it generalizes the Newman-Penrose formalism [1,2,4] for any n > 4. 
Consequently, one can explore which of the four-dimensional applications of this 
formalism can be extended to higher dimensions. Here, we focus on some of the 
consequences of the Ricci identities, such as an analog of the Sachs equations [1,2, 12] 
for geodetic null congruences and their implications (section [4]) . 

2. Null frames and Ricci rotation coefficients 

In an n-dimensional spacetime we can set up a frame of n real vectors which 
consists of two null vectors = n, m/ 1 ' = £ and n — 2 orthonormal spacelike 

vectors [8]. From now on, a, b . . . = 0, . . . , n — 1 while i,j . . . = 2, . . . ,n — 1. We 

will observe Einstein's summation convention for both types of indices. For indices 
there is no difference between covariant and contravariant components and 
thus we will not distinguish between subscripts and superscripts. The metric reads 
g a b = 2£( a riM + Sijrria^ rn>b so that the scalar products of the basis vectors are 

f< a =t!\ = fm<''=n"m(''=0, l a n a = 1, m^m^^. (1) 
2.1. Ricci rotation coefficients 

We are interested in properties of the covariant derivatives of the above frame vectors. 

i 

Let us define the Ricci rotation coefficients L a b, N a b and Mab by 
4;6 = L cd m^m { b d) , n a]b = N cd m^m { b d) , m% =Mcd m a ^m {d) . (2) 
First derivatives of eqs. lead to the following n 2 (n + l)/2 relations [8] 

L 0a = N la = N 0a + L la =M a +Ua =Mia +N la =M ja + M ia = 0, (3) 

which reduce to n 2 (n — l)/2 the number of independent rotation coefhcientfjs] and 
which will be employed throughout the paper (see section 2.2 in [8] for details; rotation 
coefficients in a standard orthonormal frame are discussed, e.g., in [13]). 
We shall also employ covariant derivatives along the frame vectors 

D = £ a \7 a: A = n a V a , ^ = m« a V a . (4) 

i 

S In n = 4 dimensions the L a {,, N a b and Mab are equivalent to the 12 complex Newman-Penrose 
spin coefficients. Namely, with the notation \/2m = m,( 2 ' — imS 3 ^ one has (different conventions 
in the literature may affect certain coefficient signs): — \/2k = \/2i a ■ m a ( h = L20 — iL^o, —1p = 
2l a , b m a fh h = L22 + L 33 +2iL [2 3], -2a = 2e a . b m a m b = L 22 - L 33 - 2ii (23) , -y/2r = V2i a . b m a n h = 
L21 - 1L31, V2u = V2n a . b rh a n b = N21 + 1N31, 2/x = 2n a . b m a m b = N22 + N 33 - 2iN [23] , 
2A = 2n a . b m a m b = N 22 - N 33 + 2iN (23 ), V2tt = V2n a . b m a £ b = N 20 + iN 30 , e + e = -i axb n a i h = 

,2 2 
-L10, e - e = m a . b m a e° = iM 3 o, 7 + 7 = n a . b i a n° = -in, 7 - 7 = -m a . b m a n° = iM 3 i, 

s/2(P - a) = V2m a . b m a m b = M33 + *M 3 2, ~V2(P + a) = y/2t a - b n a m b = L12 - iL 13 . 
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2.2. Transformation properties 

Lorentz transformations of the basis can be described in terms of null rotations 

(with £ or n fixed), spins (i.e., spatial rotations of the vectors m^) and boosts in the 
t-n plane. Under null rotations with t fixed 

1 = 1, n = n + ZimW -\z 2 l, m<*> = - z& (5) 

where the Zi are real functions and z 2 = ZiZ 1 , the rotation coefficients transform as 

Ln = L\\ + Zi(L\i + La) + ZiZjLij — \z 2 L\q — ^z 2 ZiLio, L\q = L\o + ZiLw, 

La — Ln — ZiLio + zjLji — ZiZjLjo, Ln = Ln + ZjLij — ^z Liq, 

Lio = LiQ, Lij = Lij — zjLio, 

N a = N a + z N l0 + ZiLu + ZjMa - \z 2 {N iQ + L a ) + ZiZj{L X j + L 3l ) 

3 3 

+ ZjZkMik - \z (ziL 10 + ZjLij + zjMio) + ZiZjZ k Lj k 

+ \z 2 (-ZiZjLjo + \z 2 L i0 ) + Azi + ZjSjZt - \z 2 Dzi, (6) 
Nio = N i0 + ZiL w + ZjMio + ZiZjLjQ — ^z 2 L i0 + Dz i: 

Nij = Nij + ZiLij — ZjN i0 + ZkMij — Zj(ziL w + ZkMio) + ZiZ k L k j — \z 2 Lij 
— ZiZjZkLko + ^z 2 ZjLiQ + SjZi — ZjDzi, 

i 

/\ i i 12^2 

Mji = Mji + 2z[ J L i ] 1 + ZkMjk + 2z k Z[jLi] k — ^z Mjo — z zyL^o, 

i i 

M j0 = Mjo + 2zyLq , Mjk = Mjk + 2z[jLq k - z k Mjo + 2zfcZ[ i Lj] , 

whereas null rotations with n fixed are obtained by interchanging £ <-» n, L <-> N and 
0^1. 

Under spins 

1 = 1, h = n, mW = X i j m^, (7) 
where the X 1 - are (n — 2) x (n — 2) orthogonal matrices, one gets 

Ln = in, Lio = Lio, Lu = X l jL\j, Ln=X l jLj\, L^ = X l jLjo, 
Uj=X\X\L kU - V, i = X i -Sj\. N i0 =X i j N j0 , N l3 =X\X\N kl , 

M jl = X\X\Mn + X\ A X\, M j0 = X\X\ Mm + X\DX\, (8) 
1 / 

M jk = X\X J m X n M mn + X 3 m X n S n X l m . 
Finally under boosts 

i=Xt, n = \- 1 n, #)=«!('), (9) 
where A is a real function, one finds 
Ln = A 1 in + A 2 A A, Lio = ALio + DX, Lu = Lu + A ^A, Ln = Ln, 
L i0 = \ 2 L l0 , Lij^XLij, N il = \- 2 N il , N i0 = N i0 , N ij = \- 1 N ij , (10) 

i . i . i . 

Mjt = A _1 Mji, M j0 = XMjo, M jk = Mjk- 
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Contractions of the Ricci identities v a ; bc — v a -,cb — RsabcV s with various combinations of 
the frame vectors lead to the set of first order differential equations presented below, 
where C a bc, N a bc and A4 a bc denote the Ricci identities for v a = £ a , n a and m^ a , 
respectively. For n = 4 these are equivalent to the standard Ricci identities arising in 
the Newman- Penrose formalism [1], and for n = 3 to the equations of [14]. Note that 
some of these equations are related by interchanging £^n, L^N, D^A and 
<-> 1 and in that case they are written next to each other. 

C abc n a e b n c : DL n - AL W = -2L 10 L U - L u L a + N i0 (L u + L n ) - Li N n 

- Coioi + T^b -Roi - ( n _l) 1 ( n _2) R > ( lla ) 

£ abc n a t b m^ c : DL U - 5 l L w = —L u L i0 - L 10 (L U + N M ) + 2L M N m 

j 

- Lij(Lji + Mm) — Coioi + -^-yjRoi , (H&) 
Nabctn h m {t)c : AL U - S l L 11 = -L w Nn + L n (L u - L a ) - 2L m N M 

- L l3 (N 3i + Mn) + Cioh - , (He) 

C a bcn a m Mb m^ c : S [j \L 1 \ l] = -iul fo ] - L W N^ - L xk M\ij\ 

- Lk{j\N k \i] + \C mi] , (lid) 

C abc m^ a £ b n c : DL a - AL t0 = -2L u L i0 + L tJ {-L ol + N j0 ) + 2L j[0 \Mi\i] 

- CoiOi + ^T^Roi j (He) 

Nabcm {l)a n b £ c : AN l0 - DN a = 2L w N n + Nij{-N j0 + Lji) + 2N j{1 M i0] 

- Cioij + ^t^Ru , (11./) 
£ a i c m( < W» c : DLij - 6jL i0 = L W U, - L^Ly + N j0 ) - L a L j0 

+ 2Lfe[o|M»|j] - L ik (L kj + Mjo) - CoiOj - ;^-Roo<% , (Hg) 
Af abc m^ a n b m^ c : ANy - 5 N a = -L n N l3 - JV rt (-2Ly + L n ) - N M N n 

k k 

+ 2N m Mi\j] - N ik {N k] + Mji) - Cuij - ^2^11% , (HA) 
C abc m ( '^ a n b m ( -^ c : AL tj - 5jLn = LnL i3 - L a Lji - L i0 Nji + 2L k ^\Mi\j] 

k 1 

- L ik (N kj + Mjl) - Coilj - -^{Rij + RmSij) + ( n -l){n-2) R5 ij i ( Ui ) 

Nabcm {l)a e h m^ c : DN tJ - 8jN i0 = -L w N tJ - N i0 N j0 - N a L j0 + 2N m M m 

- N ik (L kj + Mjo) - Cojii - ^{Rij + RoiSij) + ( n -i) 1 ( n - 2 ) - R % ) ( n i) 

C a b c m^ a m^ b m^ c : Sy^L^ = L^L^ + LnLy k ^ + L i0 Ny k ^ + L a M[j k ] 

1 1 

+ Ll\j\Mi\ k ] - 2^0i]k - ^32-Ro[j<^fe]j 1 (Hfc) 

Nahcm^m^m^ : S b \N llk] = -L 1{j] N m + N M N [jk] + N a L m + N a M [jk ] 

1 l 

+ Niy\Mi\ k ] - 2^Ujk ~ -^.RlU^k}! , (HQ 
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M abc m^ a e b n c : DMji - AM j0 = 2iV i[1 |L i | 0] + 2L j[ i|JV J | 0] - L w M n 

- LnM j0 + 2M m M m + M jk (-L kl + N k0 ) - C mj , (11m) 
Mabcm {l)a ( b m {k)c : DM jk - 6 k Mjo = 2L m N m + 2N m L m - L k0 M 3 i 

- Mj (L lk + N k0 ) + 2Mi[ \Mj\ k ] - Mji(L lk + Mm) 

- Co k ij - ^ = ^2R [ i Sj] k , (11") 

Mab c m U)a n b m^ c : AMjk ~ hMji = 2N m L i]k] + 2L j[1 \N i \ k] - N kl M j0 

+ Mji(L lk - L kl ) + 2Mi[i\Mj\ k ] - Mji(Ni k + Mki) 

- C\ k ij - ■^^2R 1 [ i 5 : i] k , (llo) 

Mabcm (j)a m (k)b m {l)c : 8 [k \Mj\i] = N m L m + L m N m + L [kl] Mji + N [kl] M jQ 

i p i p 

+ M p [k\Mj\i] + Mj P M[ k i] - jCijM - -^2($i[kRi]j - Sj[ k Ri] t ) ■ (Hp) 

Further contractions do not lead to new equations because of eqs. ([1} (for example, 
taking the second derivative of i a n a = 1 leads to n a .^i a +i a .^n a — 0, so that C abc n a 
and Mab c l a are identical; other normalization conditions give similar constraints). 



4. Null geodetic congruences and Sachs equations 

In this section we consider the physically interesting case of a geodetic vector i. By ([2]), 

h (i) 

ia-b£ = L\o£ a + LiQiTia , so that t is geodetic if and only if Lio = 0. In this case, 
the matrix Lij acquires a special meaning since it is then invariant under the null 
rotations (O preserving t, see eq. (j6]) (and it simply rescales with boost weight one 
under a boost ([5]), cf. eq. (fTU|) ). It is then convenient to decompose Lij into its 
tracefree symmetric part o~ij (shear), its trace 9 (expansion) and its antisymmetric 
part (twist) as [8] (cf. also [7,9]) 

Lij = + 88ij + Aij, (12) 
o~ij — L(ij<f — ■^^L kk 5ij , 9 — -^2,L kk , Aij = Lyijy (13) 

Along with 9, one can construct other scalar quantities out of £ a -b (see also the 
footnote on p. [B]) which are invariant under null and spatial rotations with fixed 
t, e.g. the shear and twist scalars given by the traces a 2 = afj = o~ijO~ji and 
uj 2 = -A 2 t = -AijAji (note that a, tj = <^ a 2 = and A i3 = •£> uj 2 = 0). 

If t is affinely parametrized, i.e. L w — (as we shall assume in the following), 
the optical scalars take the form 

(^;a) 2 > 0=lh^% U 2 =£ [a . tb] e*-' b . (14) 

It is worth observing that one can always choose n and to be parallely 

i 

propagated along the geodesic null congruence i. Namely, one can set Mjo = 
and Nio = by performing an appropriate spin transformation (|7|) and then a null 
rotation ([5]). This simplifies the Ricci identities considerably and may be convenient 
for certain calculations, but it will not be assumed in the rest of this paper. 
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Now, setting L i0 = = Lio in QllffP and splitting this identity into its tracefree 
symmetric part, its trace and its antisymmetric part according to eq. (|12p . one ends 
up with the set of n-dimensional Sachs equations 

Day = - (cr 2 y - t^o- 2 ^) - (A% + ^w 2 %) - 26a io - 2a k(t M j)0 - C moj , (15a) 
^ = -;iV 2 - * 2 + ttV 2 - ^2^00, (156) 

k 

DAij = -26 Ay -2a k y A i} k + 2A k {i Mj] o ■ (15c) 
Notice that for n — 4 one has identically a 2 ' \j — -p^^Sij = = Afj + -^^uj 2 5ij 

k 

and o- k [jAi] k = = 2A k ^Mj]a so that eqs. (I15a[) and (|15cl) simplify considerably and 
take the standard form [1,2, 12]. Eq. (|15bj) is instead essentially unchanged, and for 
n > 4 has been presented previously in [9,10]. 

From eqs. (I15a[) and (|15cp one can also obtain the following scalar equations 
(which characterize the propagation of t indepentently of the other frame vector^jj) 

D(a 2 ) = -2a 3 - 2a ij A% - 49a 2 - 2C oi( y^, (16a) 

D(oj 2 ) = -A9uj 2 + (166) 

In the special case a = = i?oo one can integrate (|156[) and (|166p as in [2,4] to 
obtain 



2 . + ^ 



1 + 2r0 o + r 2 ( ^ + 1 + 2r0 o + r 2 [9 2 + -^co? 



(17) 



where r is an affine parameter along t and 9q , loq are the values of the scalars at r = 
(in the non-twisting case, ojq — 0, this reduces to the result of [10]). 



4-2. Consequences of the Sachs equations 

A number of simple but important facts readily follow from the above equations. 
First, as in n = 4, it is the Ricci component i?oo of boost weight 2 which controls the 
propagation of expansion/convergence, and the Weyl components Coioj (also of boost 
weight 2) which control the propagation of shear. On the other hand, the curvature 
tensor does not enter the twist-propagation equation (|15d) . 
From eqs. (|15al) and (|156[) one immediately finds 

Proposition 1 Given a geodetic null congruence with tangent vector £ in an arbitrary 
n-dimensional spacetime (n > A), the following implications hold: 

(i) R 00 = 0, 9 = = aij A tj = 0, C 0i0 j = 0. 

(ii) R 00 = 0, 9 = = A i:j a tj = 0, C 0iOj = 0. 

That is, when Rqq = if a geodetic null congruence is non- expanding and shearfree 
it must be also twistfree, and it is automatically a WAND; if it is non-expanding and 
twistfree it must be also shearfree, and again a WAND. 

|| Note indeed that cr 3 = a i3 a jk a ki = g ad l( a . b) l {c . d) l ( - b ' c) - 36a 2 - (n- 2)6» 3 , (TyA^ = <r i:j A jk A kl = 
g ad £(a;b)£[c;d]£ [b ' :C] + Q A 2 and CoiOjO-jj = C abcd l a l c l b ' d . The higher order optical scalars <r 3 and 
OijA 2 ^ entering 116al l and (1 1 C3 £>l ) vanish in n = 4. However, for n > 4 these and other higher order 
optical scalars may be in general non-zero and independent of 8, a and u>. 
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These are well-known properties in n = 4 [2], For n > 4, the first conclusion 
in {ujl was already pointed out in [9]. Note that the assumed condition R 00 = on 
the matter content is satisfied in a large class of spacetimes such as vacuum (with a 
possible cosmological constant), aligned pure radiation and aligned Maxwell fields. 

It is worth observing that both the alternative assumptions in (0 and (JTTJ) uniquely 
identify the Kundt class of non-expanding, twistfree and shearfree spacetimes, i.e. with 
Lij = (see [15, 16] and references therein for related studies in higher dimensions). 
In view of Ju|, we conclude that one can not "generalize" the Kundt solutions by 
allowing for a non-zero shear (as long as i?oo = and one insists on the non- 
expanding and twistfree conditions). This should be contrasted with the existence 
of "generalized Robinson- Trautman solutions" with non-zero shear in n > 4 (which 
can be readily obtained by taking the direct product of a four-dimensional Robinson- 
Trautman solution with a flat K g , q > 1; see instead [10] for standard Robinson- 
Trautman n > 4 solutions). Furthermore, in both above cases (0 and (p}, the fact 
that the tangent vector I is necessarily a WAND (because of Coicy = 0) implies for 
n > 4 that the considered spacetime is algebraically special, i.e. it can not be of type 
G (this was already noticed in [8]). In addition, if we now substitute L^o = = 
in (jllfc)) and we further assume Roi = 0, we obtain Coijk = 0. Recalling the identity 
Coioi = Cojij [8] we find also Coioi = 0, so that with Proposition [T] we conclude: 

Proposition 2 Under the assumption i?oo = = i?oi on the matter fields, n > 4 
dimensional Kundt spacetimes (i.e., Lio = = L^) are of type II (or more special). 

Next, one can observe that for odd n, Afj + -^^uj 2 Sij = <^> Ay = (since one 
needs (-^w 2 )™" 2 = det(Ay) > 0). Thus, it follows from eq. (fT5a|l that 
Proposition 3 In an n > 4 dimensional spacetime, n odd, for a geodetic WAND^ 
A i3 ^ => a v} / 0, 

i.e., a twisting geodetic WAND must also be shearing. Conversely, a twisting non- 
shearing geodetic null direction cannot be a WAND. 

The above result is a counterexample to a complete higher dimensional extension 
of the Goldberg-Sachs theorem, according to which algebraically special vacuum 
spacetimes are shearfree in n = 4. Myers-Perry black holes in n — 5 provide an explicit 
example of algebraically special (type D) twisting and shearing spacetimes [7,8]. Note 
that the converse implication cry ^ => Ay ^ does not hold: for example, static 
black strings/branes (i.e., the product (p-dimensional Schwarzschild) xR 9 , with p > 4 
and q > 1) are type D spacetimes with expanding, shearing but non- twisting geodetic 
multiple WANDs [17]. 

On the other hand, again using eq. (|15ap one has 

Proposition 4 In any spacetime with n > 4, given a geodetic null congruence which 
is not a WAND (in particular, an arbitrary geodetic null congruence in an algebraically 
general (type G) spacetime) 

0~ij : Aij ^ 0, 

i.e., a shearfree null geodesic is necessarily twisting unless it is a WAND. 

1 Recall that in n = 4, by the Goldberg-Sachs theorem [1—4], a multiple principal null direction 
of a vacuum gravitational fields is necessarily geodetic. Similarly, for n > 4 multiple WANDs are 
necessarily geodetic in the case of type III and type N spacetimes [8]. In [17] we shall present a 
partial extension of this property to type II and D vacuum spacetimes (under further assumptions on 
the Weyl tensor). However, we shall also point out that a complete extension is not possible, namely 
there do exist multiple WANDs that are non-geodetic (as opposed to the case n = 4). 



Ricci identities in higher dimensions 



8 



Acknowledgments 

V.P. and A. P. acknowledge support from research plan No AV0Z10190503 and research 
grant KJB100190702. 

References 

[1] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, and E. Herlt. Exact Solutions of 
Einstein's Field Equations. Cambridge University Press, Cambridge, second edition, 2003. 

[2] R. Penrose and W. Rindler. Spinors and Space-Time, volume 2. Cambridge University Press, 
Cambridge, 1986. 

[3] J. N. Goldberg and R. K. Sachs. A theorem on Petrov types. Acta Phys. Polon., Suppl. 
22:13-23, 1962. 

[4] E. Newman and R. Penrose. An approach to gravitational radiation by a method of spin 

coefficients. J. Math. Phys., 3:566—578, 1962. See also E. Newman and R. Penrose, Errata, 

J. Math. Phys. 4:998, 1963. 
[5] A. Coley, R. Milson, V. Pravda, and A. Pravdova. Classification of the Weyl tensor in higher 

dimensions. Class. Quantum Grav., 21:L35— L41, 2004. 
[6] R. Milson, A. Coley, V. Pravda, and A. Pravdova. Alignment and algebraically special tensors 

in Lorcntzian geometry. Int. J. Geom. Meth. Mod. Phys., 2:41-61, 2005. 
[7] V. P. Frolov and D. Stojkovic. Particle and light motion in a space-time of a five-dimensional 

rotating black hole. Phys. Rev. D, 68:064011, 2003. 
[8] V. Pravda, A. Pravdova, A. Coley, and R. Milson. Bianchi identities in higher dimensions. 

Class. Quantum Grav., 21:2873-2897, 2004. 
[9] J. Lewandowski and T. Pawlowski. Quasi-local rotating black holes in higher dimension: 

geometry. Class. Quantum Grav., 22:1573-1598, 2005. 
[10] J. Podolsky and M. Ortaggio. Robinson-Trautman spacetimes in higher dimensions. Class. 

Quantum Grav., 23:5785-5797, 2006. 
[11] A. Coley, R. Milson, V. Pravda, and A. Pravdova. Vanishing scalar invariant spacetimes in 

higher dimensions. Class. Quantum Grav., 21:5519-5542, 2004. 
[12] R. Sachs. Gravitational waves in general relativity. VI. The outgoing radiation condition. Proc. 

R. Soc. A, 264:309-338, 1961. 
[13] L. P. Eisenhart. Riemannian Geometry. Princeton University Press, Princeton, second edition, 

1949. 

[14] G. S. Hall, T. Morgan, and Z. Perjes. Three-dimensional space-times. Gen. Rel. Grow., 19:1137- 
1147, 1987. 

[15] A. Coley, S. Hervik, and N. Pelavas. On spacetimes with constant scalar invariants. Class. 

Quantum Grav., 23:3053-3074, 2006. 
[16] A. Coley, A. Fuster, S. Hervik, and N. Pelavas. Higher dimensional VSI spacetimes. Class. 

Quantum Grav., 23:7431-7444, 2006. 
[17] V. Pravda, A. Pravdova, and M. Ortaggio, in preparation. 



